In this paper, we investigate the Stern-Brocot tree for the golden L translation surface. We also present consequences of the existence of the aforementioned tree: an algorithm for generating saddle connections of the golden L surface in vertical strips, a correspondence between the said saddle connections and a family of tangent circles that we refer to as the golden L Ford circles, and a number of immediate Diophantine approximation and geometric statistics results.
Introduction
The enumeration of the rationals using the Farey sequence [6] , and the closely related family of Ford circles [7] are useful tools [5] in many fields of mathematics, including, but not limited to, the theory of Diophantine approximation. In a previous paper [10] , we demonstrated how several properties of the Farey sequence can be derived uniformly for all two-dimensional unimodular lattices using geometry of numbers, which comes as no surprise. In this paper, we apply the same ideas to a more complicated point set: the saddle connections of the golden L, and show that several properties of the Farey sequence as seen through the lens of the geometry, and dynamics of the two-dimensional torus carry over to other translation surfaces.
In the remainder of this introduction, we present the object of our study, the golden L surface, in section 1.1, and survey the results in this paper:
• section 1.2: existence of a Stern-Brocot tree for the golden L, expanded on in section 2
• section 1.3: algorithm for generating the saddle connections of the golden L in vertical strips, expanded on in section 3
• section 1.4: existence of a family of Ford circles associated with the saddle connections of the golden L
• section 1.5 the geometric statistics of the golden L Ford circles, expanded on in section 4
The Golden L Translation Surface
The golden L is the surface depicted in fig. 1 , with the sides identified by translation as indicated. The golden ratio is denoted ϕ = 1+ √ 5 2 , and its inverse ϕ = 1 ϕ = ϕ − 1. The golden L surface can be concretely defined as a translation surface in more than one way (check [13, section 1] ). We settle on referring to the golden L as a Riemann surface, along with a holomorphic one-form ω on the Riemann surface inherited from the plane. It is orientable, has a single zero of order two, and is of genus two.
The linear action of SL(2, R) on the plane induces an action on ω, the stabilizer of which, referred to as the Veech group Γ of ω, is the Hecke triangle group ∆(2, 5, ∞). As such, the orbit of ω under SL(2, R) can be identified with SL(2, R)/Γ. The golden L is an example of a lattice surface as its Veech group Γ is a lattice in SL(2, R).
A saddle connection of a translation surface is a straight line segment joining two singularities of the surface, without having any singularities in its interior. The holonomy vector of a saddle connection is the associated vector in C ∼ = R 2 . Denoting the set of holonomy vectors of the saddle connections of the golden L by Λ ω , we have
T , and v 2 = (1, 0) T , with Γ acting linearly on the said vectors. Since Γ · v 1 is a homothetic dilation of Γ · v 2 , we restrict our attention to Γ · v 2 . For any g ∈ SL(2, R), the holonomy vectors of ω and gω are related by Λ gω = gΛ ω . 
The Golden L Stern-Brocot Tree
We refer to the process of iteratively replacing a pair of vectors u 0 , u 1 ∈ gΓ · v 2 (g ∈ SL(2, R)) that are unimodular (i.e. u 0 ∧ u 1 = 1) with the vectors
as the golden L Stern-Brocot process. We below prove in lemma 2.1 that the golden L Stern-Brocot process is well defined, and in theorem 2.1 that it is exhaustive for the elements of gΓ · v 2 in the sector {αu 0 + βu 1 | α, β ≥ 0}. As can be seen in this paper, the following observation is central to the existence of the golden L Stern-Brocot tree, along with Farey neighbor identities, and Ford circles.
The elements of the set V are depicted in fig. 1 . 
Generating The Golden L Holonomy Vectors in Increasing Slope Order
. That is, it is possible to generate the Farey fractions of order N in increasing order.
(They can similarly be generated in decreasing order as well.) This algorithm was encoded by F. Boca, C. Cobeli, and A. Zaharescu as what is now increasingly known as the BCZ map, and used extensively over the past two decades to study the statistics of the Farey sequence (see for example [4] ).
In [10] , we show that the above algorithm can be used to generate the visible points in a strip for any unimodular lattice in R 2 . In [2] , J. Athreya, and Y. Cheung show that the BCZ map defines a cross section to the horocycle flow on the space of unimodular lattices SL(2, R)/ SL(2, Z). In [3] , J. Athreya, J. Chaika, and S. Lelievre compute the BCZ for the SL(2, R)-orbit SL(2, R)/Γ of the golden L (which we review in section 3), and use it to compute the slope gap distribution for the holonomy vectors of the golden L. Our first main goal in this paper is to show that similar to visible lattice points, the golden L BCZ map is driven by an algorithm to generate holonomy vectors of the golden L in increasing slope order, as well as demonstrate how this can be used to derive "Farey-statistics" for the golden L other than slope gap distribution. The same procedure can be applied to BCZ maps of general Veech surfaces computed by C. Uyanik, and G. Work in [11] .
The setting for the generating algorithm is the following: For every τ > 0, we denote the vertical strip in R 2 over the interval (0, τ ] by S τ . That is,
For every g ∈ SL(2, R), every τ > 0, and every interval I ⊂ R, we write
If I = R, we write
for the number of points in F I (g, τ ). In theorem 3.1, we show how to generate the holonomy vectors in F(g, τ ) in increasing order of slope using what the golden L BCZ map, and what we call cross section representatives. In theorem 3.2, we show that the measures supported on the cross section representatives of the elements of F I (g, τ ) have a weak- * as τ → ∞.
The Golden L Ford Circles
For every point w = (r, s) T ∈ R 2 , the Ford circle C[w] [7] corresponding to w is defined to be either
• the circle with radius It is well-known that for any two vectors w 1 , w 2 ∈ R 2 , the Ford circles 2 ] if and only if w 1 and w 2 are unimodular (that is, w 1 ∧ w 2 = ±1). It is also well-known that the set of rational numbers Q (identified with the slopes of the visible primitive lattice points in Z 2 ) has an associated family of tangent Ford circles associated to it, with strong ties to the properties of the Farey sequence.
Our second main goal in this paper is to show that the holonomy vectors of the golden L have an associated family of Ford circles, same as the torus, and study their statistics. The existence of the golden L Ford circles follows from the Farey neighbor identities in lemma 2.1. More specifically, for any g ∈ SL(2, R), any two unimodular holonomy vectors u 0 , u 1 ∈ gΓ · v 2 can be identified with two tangent Ford circles
, and C[u 0 + ϕu 1 ] form a chain of three tangent circles, with only two parent-child tangency relations:
(That is, the middle child is tangent to its siblings, but not tangent to any of its parents.) Figure 2 shows the golden L Ford circles corresponding to F [0,1] (I 2 , ∞), with I 2 being the 2 × 2 identity matrix.
As an immediate consequence of corollary 2.1, we get the following weak form of Dirichelet's approximation theorem for the golden L surface. center of C [u] , belongs to I; also 0 < q ≤ τ , which implies that the radius of
The Geometric Statistics of the Golden L Ford Circles
. Moreover, the algorithm for generating holonomy vectors in theorem 3.1 iterates through the said circles from left to right.
Following [1] , it is of interest to consider the statistics of the Ford circles corresponding to the holonomy vectors in F I (g, τ ) as τ → ∞. Our main result in that direction is the following.
Corollary 1.1. Let F : Ω → R be a function, continuous on Ω except perhaps on the image of finitely many
, with I i ⊂ R being finite, closed intervals of R. For any g ∈ SL(2, R), and any finite interval I ⊂ R, the limit of the distribution
as τ → ∞ exists for all t ∈ R, and is equal to
where 1 F ≥t is the indicator function of the subset
of Ω, and m is the Lebesgue probability measure dm = 2 ϕ dadb on Ω. Our exemplary application is proposition 4.1, where we derive the limiting distribution of the Euclidean distance between successive golden L Ford circles as τ → ∞. Figure 1 .5 shows the graph of the aforementioned distribution.
The Golden L Stern-Brocot Tree
In this section we prove the claims concerning the golden L Stern-Brocot tree alluded to in section 1.2. For any g ∈ SL(2, R), the linear map g : Γ · v 2 → gΓ · v 2 is a bijection that preserves linear relationships, and scalar cross products. As such, we restrict our attention in this section to Γ · v 2 .
Lemma 2.1. Let u 0 , u 1 ∈ Γ · v 2 be two orbit elements with u 0 ∧ u 1 = 1. The following are true.
There exists
T , and
2. If A ∈ Γ is such that Au 0 = w 0 , and Au 1 = w ∞ , then 
The following four unimodularity identities hold true:
Proof. 
Writing u 1 = (x, y) T , we thus get that y = 1.
Shearing by T = 1 ϕ 0 1 ∈ Γ, we get T n u 0 = u 0 , and T n u 1 = (x + nϕ, 1) T for all n ∈ Z. Since (0, 1) T and (ϕ, 1) T are in V, are at height y = 1, and have a horizontal distance ϕ between them, there exists an n 0 ∈ Z such that T n0 u 1 ∈ Conv(V). Since (0, 1) T and (ϕ, 1) T are the only orbits points from Γ · v 2 in Conv(V) at height y = 1, T n0 u 1 must be one of the two aforementioned points. We can safely assume that T n0 u 1 = (0, 1)
Now, taking A = T n0 B −1 proves the claim.
Follows directly from (ϕ, 1)
3. Let A ∈ Γ be such that Au 0 = (1, 0) T , and Au 1 = (0, 1) T . The first identity follows from
The remaining three identities can be similarly proved. Proof. That the Stern-Brocot process is well-defined for any two unimodular orbit points follows from lemma 2.1. It remains to prove that the Stern-Brocot process is exhaustive, and our proof is similar of the classical proof for Farey fractions. We write u 0 = (q 0 , a 0 ) T , and T ∈ Γ · v 2 belonging to the sector (0, ∞)u 0 + (0, ∞)u 1 . We define the component sum ς :
and so
By lemma 2.1, we can assume without loss of generality that we are starting the Stern-Brocot process with (1, 0) T and (0, 1) T . At each step of the Stern-Brocot process, any two unimodular vectors generate three children whose ς values are at least 1 more than the maximum ς value of their parents. At any step, if (x, y) T is not one of the three children of u 1 and u 2 , then it belongs to a sector defined by one of the four pairs of successive unimodular vectors from lemma 2.1. This cannot take place forever as each step of Stern-Brocot increases the right hand side of eq. (1) 
by at least . This implies that (x, y)
T eventually shows up as a child, and we are done.
The following corollary immediately gives proposition 1.1. Proof. We assume that α is not the slope of an orbit element, and prove the lemma. By lemma 2.1, each iteration of the Stern-Brocot process replaces a pair of unimodular Stern-Brocot grandchildren of u 0 , u 1 with four pairs that are each unimodular. As such, it suffices to show that a ray of slope α belongs to a sector corresponding to a pair of Stern-Brocot grandchildren of u 0 , u 1 that are different from u 0 , u 1 . By induction, it can be shown that after n ≥ 1 iterations, nϕu 0 + u 1 and u 0 + nϕu 1 are grandchildren of u 0 , u 1 , and that all the grandchildren of u 0 , u 1 that have been generated upto that stage and are different from u 0 , u 1 belong to the sector (0, ∞) (nϕu 0 + u 1 ) + (0, ∞) (u 0 + nϕu 1 ). It can also be easily seen that lim n→∞ slope(nϕu 0 + u 1 ) = slope(u 0 ), and lim n→∞ slope(u 0 + nϕu 1 ) = slope(u 1 ), and so the line y = αx eventually belongs to the interior of the sector corresponding to a pair of unimodular grandchildren of u 0 , u 1 that are different from u 0 , u 1 . This proves the claim.
Generating the Golden L Saddle Connections
In this section, we present and prove the algorithm for generating the golden L saddle connections in vertical strips mentioned in section 1.3. In theorem 3.1, we present, and prove the algorithm using what we call cross section representatives. In theorem 3.2, we prove that certain measures supported on cross section representatives have a weak- * limit. Before we proceed with our proofs, we need to recall two important flows on the homogeneous space SL(2, R)/Γ, and review the golden L Boca-Cobeli-Zaharescu map from [3] .
The SL(2, R) action on the SL(2, R)-orbit SL(2, R)/Γ of the golden L gives rise to two important flows:
the horocycle flow given by the matrices h s = 1 0 −s 1 , for s ∈ R, and the geodesic flow given by the matrices g t = e −t 0 0 e t , for t ∈ R. For this section, it is more convenient to work with the scaling matrices s r = r 0 0 r −1 , with r > 0, than with g t . (Note that s r = g − log r for any r > 0.) The golden L Boca-Cobeli-Zaharescu (BCZ) map from [3] is based on the observation that the set of surfaces in the SL(2, R)-orbit of the golden L with short (length ≤ 1) horizontal vectors
form a cross section to the horocycle flow on SL(2, R)/Γ. More concretely, the cross section Ω X can be identified with the golden L Farey triangle
endowed with the probability measure dm = 
and
the return map of the horocycle flow to the cross section is given by the golden L BCZ map T :
, and the golden L roof function R : Ω → R >0 is defined for all (a, b) ∈ Ω by
Generating the Golden L Holonomy Vectors
In the following theorem, we show how to generate the holonomy vectors in gΓ · v 2 ∩ S τ for any element gω ∈ SL(2, R)/Γ, and any τ > 0 with gΓ · v 2 ∩ S τ = ∅ in increasing order of slope. The holonomy vectors can also be generated in decreasing order of slope by considering the inverse T −1 : Ω → Ω. The main idea of the proof is to show that for every g ∈ SL(2, R), τ > 0 with gΓ · v 2 ∩ S τ = ∅, and u ∈ gΓ · v 2 ∩ S τ , there exists a unique (a, b) ∈ Ω corresponding to s 1
In the remainder of this paper, we refer to the aforementioned (a, b) ∈ Ω as the cross section representative of the tuple (g, τ, u) , and write CSR (g, τ, u) = (a, b) . g, τ, u 0 ) ) . Theorem 3.1. For any g ∈ SL(2, R), and τ > 0, let {(q n , a n )} 
If we denote the
The y-components can be recursively generated using the formula
for all n ≥ 0.
For all
where
For all n ≥ 0, the Farey neighbor identities
Proof. Iteratively applying T gives the required relations for all n ≥ 0.
From the first point, and the explicit expression for
. Iteratively applying T gives the required relation for all n ≥ 0.
w 0 is the current short horizontal vector for g a,b ω, and the next one (under the horocycle flow) is going to be g a,b w i . The scalar cross product between the current short horiztonal vector for g a,b ω, and the following one (under the horocycle flow) is
The Farey neighbor identity for n = 0 then follows from
Iteratively applying T gives the sought for relation for all n ≥ 0.
Limiting Distributions of Cross Section Representatives of Holonomy Vectors
We get the following theorem for the measures supported on the cross section representatives of the elements of F I (g, τ ) as τ → ∞. Proof. The proof is identical to the proof of a similar theorem in [10] . We reproduce the proof here for completeness. Write G = SL(2, R). By [8, 2.2.1], we have for any continuous, bounded function f : G/Γ → R, and for
where µ G/Γ is the Haar measure on
10
. For any g ∈ SL(2, R), any τ > 0 with F(g, τ ) = ∅, and any α ∈ R, denote by slope + g,τ (α) the smallest slope(u) ≥ α for u ∈ F(g, τ ). From [12] , the slopes of the saddle connections Λ ω are dense in R, and so
Now, for any continuous, bounded function f : G/Γ → R, we have
From eq. (3) we get
and so by eq. (2) we have the weak- * convergence
where π gΓ : G → G/Γ is defined for all e ∈ G by π gΓ (e) = egΓ.
Identifying G/Γ with the suspension { ((a, b) , s) ∈ Ω × R | 0 ≤ s ≤ R(a, b)} over Ω with roof R, we can make the identification 
and we are done.
The Geometric Statistics of the Golden L Ford Circles
In this section, we prove corollary 1.1, and derive, as an application, the limiting distribution of the Euclidean distance between successive golden L Ford circles alluded to in section 1.5.
Proof of Corollary 1.1
Proof. Fix t ∈ R. We then have
and so we proceed to show that lim
Consider the following sets 
Application: Limiting Distribution of the Euclidean Distances between the Centers of Successive Ford Circles
Let g ∈ SL(2, R), and τ > 0 be such that F(g, τ ) = ∅. Given two vectors u 0 , u 1 ∈ F(g, τ ) with consecutive slopes, we denote the distance between the centers of C[u 0 ] and C[u 1 ] by centdist(g, τ, u 0 ). We have the following on the limiting distribution of centdist. F,τ (t), and the proposition then follows from corollary 1.1.
This implies that CentDist

